CHAPTER 10

Factorization of Codes

10.0. Introduction

There is a noncommutative polynomial canonically associated with a finite code:
it is the sum of the codewords, minus 1. When the code is maximal, this
polynomial has some striking factorization properties, which reflect probabilistic
and combinatorial properties of the code, such as the property of being prefix,
suffix or synchronizing. When the code is prefix, the factorization is directly
related to the tree representation of the code. When the code is biprefix, one
has even more combinatorial data explaining the factorization, as explained
in Chapter 77?7 on finite maximal biprefix codes. In the general case, the
factorization of the polynomial has no direct combinatorial interpretation, but
is related via the factorization conjecture to a kind of coset decomposition of
the free monoid with respect to the submonoid generated by the code. The
factorization conjecture is the main open problem in the theory of codes.

10.1. The results

Recall that for a subset C of A*, C denotes its characteristic series: C € N{(A)).
If C is finite, then C € N (A4). The degree of a finite maximal code has been
defined in 7777.

THEOREM 10.1.1. Let C C A* be a finite maximal code and d its degree.
Then for some polynomials P,@Q,S in Z (A), one has

C—1=PAA—1)+(A- QA 1))S. (10.1.1)
Moreover, if C' is prefix (resp. suffix), then S =1 (resp. P =1).

Note that when C' is biprefix, then a stronger assertion is 7777, since it is
shown in this case that C — 1 has a factorization (1.1) with P = S = 1 and
Q@ € N (A4). Note also that, for general C, in all known cases, ) has nonnegative
coefficients, and moreover P, S have coefficients 0,1. However, it is not known
if it is true in every case.
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COROLLARY 10.1.2. Let C be a finite maximal code in A*. Then for some
polynomials P, S in Z (A), one has

C—1=P(A-1)S. (10.1.2)

Note that, again, in all known cases, a factorization (1.2) exists with P, S
being characteristic polynomials of some finite sets:

P=US=V. (10.1.3)

Whether this is always true is not known and constitutes the factorization con-
jecture. Note that Eq.(1.2), together with (1.3), may be rewritten as

A =V C'U. (10.1.4)

Indeed, by Eq.(1.2) P, S are invertible in Z{A)), and so Eq.(1.2) implies: (1 —
C)"' =V 1 - A)"'U'. Then by ????, we obtain Eq.(1.4). Observe that
Eq.(1.4) means that each word w in A* has exactly one factorization w = vmu,
with v € V, m € C*, u € U. Note the analogy with the coset decomposition of
a group with respect to a subgroup.

The previous result has the following converse. Thus finite maximal codes
are completely characterized.

THEOREM 10.1.3. Let W be in N (A) without constant term, and P,S in
C (A) such that W —1 = P(A —1)S. Then W is the characteristic polynomial
of a finite maximal code C. If moreover S (resp. P) is constant, then C is a
prefix (resp. suffix) code.

Proof
Denote by supp(T) the support of the series T' € C{A)), that is, the set of
words having a nonzero coefficient in 7. Note that

supp(ThTa) C supp(T1)supp(Ty), supp(T™) C supp(T)*.

Define C' = supp(W). Then C is finite by assumption. Since W — 1 =
P(A—1)S and since W has no constant term, P and S are invertible in C{(A)),
and we obtain

A* = SW*P. (10.1.5)

We show that C' is complete (see ?7?7? for the definition of a complete set).
Indeed, let w be any word, and choose u of length > deg(S),deg(P). Then
uwu appears in the left-hand side of Eq.(1.5), so that by the remarks at the
beginning of the proof, we obtain wwu = smp, for some s € supp(S), m € C*,
p € supp(P). By the choice of u, we obtain that w is a factor of m; hence
C* N A*wA* is not empty, and C' is complete.

Now, applying Th.????, we deduce that C' is a maximal code, provided that
we have shown that m(C') = 1, where 7 is some Bernoulli morphism. Since
C' is complete and finite, we have 7(C) > 1, by ????. On the other hand,
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if we extend 7 naturally to an algebra homomorphism C (4) — C, we obtain
7(W)—1=n(P)r(A-1)n(S) = 0 and 7(W) = 1. Thus, since W has coefficients
in N, 7(C) < n(W) =1, and we deduce that 7(C) = 1.

Now, if S is a constant, we may suppose that S = 1 and Eq.(1.5) becomes
A* = W*P. A similar argument as before shows that C'is right complete. Thus
by 77777, C'is a prefix code. n

10.2. Division and factorization of noncommutative poly-
nomials

Let K be a (commutative) field. We begin with a result on Euclidean division.
Given two polynomials X,Y in K (A), we say that the left Fuclidean division
of X by Y is possible if for some polynomials @), R, one has X = Y@ + R and
deg(R) < deg(Y). It is not always possible if [A| > 2, but the next result gives
a sufficient condition for it (this condition is easily seen to be also necessary).

THEOREM 10.2.1. Let X,Y, P,Q1,Q2, Ry in K (A) be such that
XP+ P =YQ+ Ry, (10.2.1)

with P # 0, deg(Py) < deg(P) and deg(R1) < deg(Y). Then for some polyno-
mials Q, R, one has

X =YQ+R, deg(R) < deg(Y).
The following consequence is immediate.

COROLLARY 10.2.2. IfX,Y, X', Y’ are nonzero polynomials such that XY’ =
Y X', then for some polynomials @, R, one has X = YQ + R and deg(R) <
deg(Y).

In order to prove Th.2.1, we use the lexicographic order in the free monoid
A*: A is totally ordered and u < v if either |u| < |v|, or if |u| = |v] =n and u
is smaller or equal to v in the lexicographic order from left to right in A™.

Denote, for each nonzero polynomial P, by gw(P) the greatest word appear-
ing in P. Then we have

gw(P + Q) = gw(P),
if deg(Q) < deg(P), and

gw(PQ) = gw(P)guw(Q).

Proof of Theorem 1.2. By assumption, we have Y # 0 (otherwise deg(R;) <
deg(0) = —oo, which is impossible) and we may assume deg(Y) > 1, since the
case deg(Y) = 0 is immediate. The case deg(X) < deg(Y') is also easy. So we
may assume deg(X) > deg(Y) > 1. Observe that deg(Py) < deg(P) < deg(X P)
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and deg(Ry) < deg(Y) < deg(X) < deg(XP). This show that Q7 is nonzero.
By the two displayed equations above, we have gw(XP) = gw(XP+ P, —R;y) =
gw(YQ1), and gw(X)gw(P) = gw(Y)gw(Q1). Hence the word gw(Y) is a left
factor of gw(X) and we may write gw(X) = gw(Y)u, u € A*. Hence for some
a € K, we have X = X' + aYu, with gw(X’) < gw(X). By Eq.(2.1), we then
obtain

X/P—‘rPl :Y(Ql —auP)+R1.

Thus we conclude by induction on gw(X’) that the left division of X’ by Y is
possible, hence that of X too. n

Let x1, x4, ... be a sequence of elements of a ring, of length at least n. We
define the n-th continuant polynomial relative to this sequence by p(z1, ..., zn),
where p(x1, ..., 2,) is the 1,1 coefficient of the matrix

Iy 1 ZTo 1 Tn 1
10 1 0/7\1 0/
It is a simple exercise to show that this matrix is actually equal to

(p(xl, s @) P(T1, ooy Tt ) (102.2)

(2, s Tn) P(T2, ey Tr1)-

Indeed, for the entry in position 2,1 for example, one sees that it is p(za, ..., )
by computing the product of the first matrix by the product of the remaining
ones and using induction.

For sake of coherence, the 0-th continuant polynomial is p() = 1, and the
(=1)-th is equal to 0. From Eq.(2.2), one deduces that

P(T1y ey @) = P(X1, ety 1) T + D(T1, ooy T—2), (10.2.3)
and
p(xla cee xn) = xlp(an ey xn) +p(1'3, 7xn)
We often use the latter equation in the form
P(Tny ooy 1) = TpuP(Tp—1,y ooy 1) + D(Tp—2, ..., 1). (10.2.4)

By induction, one deduces a relation due to Wedderburn:

(215 oy T)P(Tn -1, s 1) = P(T1, o T 1)P(Trs oo, T1). (10.2.5)

To prove it, use Eq.(2.3) for the left-hand side, and Eq.(2.4) for the right-hand
side.

The next result shows that, in essence, each relation XY’ =YX’ in K (A)
comes from a relation of the form (2.5).

THEOREM 10.2.3. Let X,Y, X', Y’ be nonzero polynomials in K {(A) such that
XY’ =Y X'. Then there exist n > 1 and polynomials U, V, x1, ..., x,, such that

X =Up(x1,.y0), Y =0(xn_1,..., 21)V,
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Y =Up(x1,.ytn1), X = play,...,z1)V.

Furthermore, 1, ...,x,_1 have positive degree, and if deg(X) > deg(Y), then
Ty, also has positive degree.

The proof is a simple noncommutative version of the Euclidean algorithm,
obtained by iteration of the Euclidean division of Cor.2.2.
Proof

The hypothesis and Cor.2.2 imply that X = Y@ + Ry, for some polyno-
mials @ and R; with deg(R1) < deg(Y); note that if deg(X) > deg(Y'), then
deg(Q1) > 0. We have XY’ = Y X', hence (YQ1 + R1)Y' = Y X', which im-
plies R1Y' =Y (X' — Q1Y"); since deg(R;1) < deg(Y'), we deduce that deg(X’ —
Q1Y) < deg(Y') and we have X' = Q1Y + R}, deg(R}) < deg(Y’) (thus the
left Euclidean division of X’ by Y is possible). Note that Ry =0 < R} = 0. We

may write (X,Y) = (Y, Ry) (?1 é) and (5:) = (?1 (1)) (2:) Now we
1

have YR] = R1Y’, and we continue with Y, R}, Ry, Ry in place of X, Y’ Y, X'.
We then have Y = R1Q2 + Ra, deg(R2) < deg(Ry), Y' = Q2R} + RY, and this

!/
time deg(Q2) > 0. Then we have (Y, R;) = (R1, R2) <?2 (1)> and <§,> =
1

/
(?2 é) (gé ) . Now we have Ry R} = Ry R),. We iterate and find a sequence of
remainders Ry, Ra, ..., (resp. R}, R}, ...), with strictly decreasing degrees, such
that for each i, R; = 0 < R, = 0. Hence for some n > 1, R,_1, R}, _; # 0 and

R,, R), = 0. Thus
Qn 1 Q11
(X,Y)(Rn_l,O)(l 0)...<110),

X'\ _ (Qn1 Q11 R, _,
Y') \1 0)7\1 0 0 ’
with deg(Q.,), ..., deg(Q2) > 1. This implies the theorem, in view of Eq.(2.2).

and

We shall also need the next result in the proof of Th.1.1 (with A — 1 playing
the role of the polynomial of degree 1).

THEOREM 10.2.4. Let B be a polynomial of degree 1, and x4, ..., x, be poly-
nomials such that x1,...,z,_1 have positive degree. If

p(zn—h "'7I1)7P(In7 "'7171)

are congruent to a scalar, modulo the right ideal BK (A), then for each i =
1,...,n, p(x1,...,z;) and p(x;,...,x1) are congruent to the same scalar modulo
this ideal.

To prove this, we need a lemma.
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LEMMA 10.2.5. Let x4, ..., x, be polynomials.
(i) p(z1,....,xn) = 0= p(xp,....,21) = 0.
(ii) If the degrees of x1, ..., x,_1 are strictly positive, then

17P($1)7 "‘7p(x’n717 seey xl)
have strictly increasing degrees.

ProofNow (i) is proved using Eq.(2.5) if p(xy—1, ..., z1) and p(z1, ..., 2p—1) are
both nonzero, and Eqs.(2.3) and (2.4) if they are both zero (by induction, if one
is zero, so is the other). Similarly (ii) is proved by induction, using Eq.(2.4).

| ]

Proof of Th.2.4 Note that the condition on the degrees for n implies that for
n — 1; hence we may use induction. The case n = 1 is evident, so let us prove
the result for n > 1.

If p(zy—1,...,21) vanishes, then p(zy,...,2,—1) also vanishes by Lemma 2.5
(i). Then by Eq.(2.3) and (2.4), we have p(x1,...,z,) = p(21,...,Tn—2) and
(T, oy t1) = p(Tp—2,...,21). Thus we conclude the proof by induction in this
case.

Suppose that p(z,—1,...,21) # 0. Then by Eq.(2.4),

p(l‘n, "'axl) = xnp(xn—h "'71‘1) +p(xn—2a "'axl) = BQ +a

for some @ € K (A) and o € K. By Lemma 2.5 (ii), the hypothesis of Th.2.1 is
fullfilled, so that one may perform the left Euclidean division of z,, by B; hence
x, is congruent to a scalar v mod. BK (A). Then the equality above shows
that p(z,—_2,...,21) is congruent to a scalar mod. BK (A): indeed, if U,V are
congruent to scalars u,v, then UV is congruent to uwv. Hence we conclude by
induction, the same equality and Eq.(2.3). "

We consider now polynomials over Z and Q. A nonzero polynomial P €
Z (A) is called primitive if the greatest common divisor of its coefficients is 1.
The content of a nonzero P € Q (A) is the unique nonzero ¢(P) € Q4 such
that P/c(P) is primitive; the latter polynomial is then denoted by P. Hence
P = ¢(P)P. Actually, P is the unique primitive polynomial such that P = ¢P
for some nonzero q € Q.

The next result is the analogue for noncommutative polynomials of Gauss’
lemma.

LEmMMA 10.2.6. (i) If P,Q in Z (A) are primitive, then so is PQ).
(i) If P,Q are in Q{A), then ¢(PQ) = ¢(P)c(Q) and PQ = PQ.

Proof

For (i), if PQ is not primitive, some prime number p divides all its coef-
ficients. Omne obtains a contradiction by reducing coefficients in Z/pZ, since
polynomials over a field do not have zero divisors. Now (ii) follows easily from

(1). "
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THEOREM 10.2.7. Let Py, P5, Py, Py be nonzero polynomials in Z (A), with P,
invertible in Q{{A)), and such that P1P§1P3 = P4. Then there exist Ri, Ro,
Rg, R4 inZ <A> such that P1 = R1R2,P2 = R3R2, P3 = R3R4, P4 = R1R4.

Note that the last four equalities imply the first one.
Proof

We begin by proving the corresponding statement with Q and Z replaced by
K, a (commutative) field. Then we use Gauss’ lemma to draw our conclusion
in Z (A).

1. Consider the subset E of K (A)**" of vectors V such that (1, -P P YV
= 0. Clearly E is a right K (A)-module. Note that V' contains the transpose
of (P1, P;) and that of (P, P3). Choose V' to be nonzero in E and of smallest
possible degree, where deg(V) is the maximum degree of its two components.
If the constant term of V' is zero, then we may write V. = }_ _, Vaa, with
V, € K (A)**'. Then each V, must be in E: indeed, U = (1, —P,P; ') is by
assumption in Z({{A)?*!, so that UV = > ., UV,a = 0, and we deduce that
for any a € A, UV, = 0. This contradicts the minimality of V. Hence the
constant term of V' is nonzero.

We show that W € VK (A) for any W € E (which will imply that E =
VK (A)), by induction on deg(W). This is clear if deg(W) < deg(V). Now
suppose that deg(W) > deg(V). If W has constant term zero, then as above
W =3 caWaa, Wy € E, deg(W,) < deg(W): thus W, is in VK (A) by
induction, and so is W. If W has nonzero constant term, we may find o € K
such that W/ = W — oV has constant term 0 and we conclude as before that
W’ € VK (A), hence W € VK (A4)): indeed, each constant term, Wi, of an
element of E satisfies (1, 3)W; = 0, where § is the constant term of —P1P2_1;
hence the K-space of these W; is of dimension 1, necessarily spanned by the
constant term of W.

Now E = VK (A). Let V = gl . Then for some @Q2,Q4, one has:
3

<£;) = <g;> Qa2, <£§) = <g;> D4, which concludes this part.
2. By Part 1., we have P| = Q1Q2, P> = Q3Q2, P35 = Q3Q4, Py = Q1Q4

with Q; € Q(A). Let ¢; = ¢(Q;). Then by Lemma 2.6, we have ¢(P;) = cjca,
c(Py) = c3co, c(P3) = c3cq, c(Py) = cicq. Thus ¢(Py) = c(P)c(Py) " te(Ps).
Since the P; are in Z (A), each ¢(F;) is in N, so that ¢(Py) = dida, ¢(Ps) =
dsds, C(.P_g) = d3dy, c(_P4) = dydy for some d; in N. Furthermore, by Gauss’
lemma, P = Q1Q2, P2 = Q3Q2, P5 = Q3Q4, Py = Q1Q4. Let R; = d;Q;.
Then R; € Z<A> We have P, = C(Pl)Pl = di1d2@Q1Q2 = R1Rs. Similarly,
P2 = R3R2, P3 = }%3}%47 P4 = R1R4, which concludes the pI‘OOf. | ]

We shall also need the following result.

LEMMA 10.2.8. Let B be a primitive polynomial of degree 1 which vanishes
for some integer values of the variables. Let P,Q € Z (A) and o € Z\ 0 be such
that PQ = a mod.BZ (A). Then P = 3, Q = mod.BZ (A) for some (3,7 in Z
with o = 3.
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Proof

Now PQ = BQ' + « for some Q' € Z (A). Since Q # 0 (because « # 0), we
may apply Th. 2.1: P = BT+8,T € Q(A), 8 € Q. Thus BQ'+a = fQ+BTQ.
We have 5 # 0 (since o # 0, and deg(B) = 1). Hence @ = v+ BS for some
S € Q(4), and v € Q, with a = 8. Now, the assumption on B and the fact
that P,Q € Z (A) implies that 3, € Z. Since BT = P — (3, we obtain by Gauss’
lemma ¢(B)e(T) = ¢(P — ) € N, hence ¢(T) € N, for B being primitive. Thus
T € Z (A). Similarly we obtain S € Z (A4). n

Finally we mention without proof the following lemma, which is an easy
consequence of Gauss’ lemma, Eq.(2.5), Lemma 2.5 (i) and an induction using
Eq.(2.3) and Eq.(2.4).

LEmMA 10.2.9. If ay,...,a, € Q(A), then p(ai,...,a,) and p(ay,...,a1) are
both zero or have the same content.

10.3. Proof of Theorem 1.1

For a word v and a series S € Z{(A)), recall the notation
ulS = Z (S, vw)w.
weA*

Observe that (uv)™1S = v=1(u~1S). The notation Sv~=! is defined symmetri-
cally. Note that u=!(Sv=1) = (u=1S)v~!; henceforth, we may denote this series
u~tSv~t. If u = a is a letter, then

a=1(8152) = (a7181)Ss 4 (S1,1)(a1Ss). (10.3.1)

This relation is easily verified when S, .Sy are words, and extended by linearity
to series.

LEMMA 10.3.1. Let C be a finite code. For each pair of words u, v, there exist
polynomials S(u), P(u), F(u,v) with coefficients 0,1 such that

uC*v™t = S(u)C*P(v) + F(u,v).

The proof of this lemma is somewhat technical, but straightforward, once
Eq.(3.1) is noted.
Proof

Define the polynomial S(u) inductively by S(1) = 1 and

S(va) = a *(S(w)) + (S(w), 1) (a"1C), (10.3.2)

if u=wva,a€ A, ve A*. We show first that u=1C* = S(u)C*. This is clear if
u = 1. Now we have, for u = va,

utCF = (va)T'C* =a " (vTICY) = a7 H(S(v)CY),
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by induction. Hence by Eq.(3.1),
IO = (@718 (@)C" + (S(v), 1)(a~1C").
Using Eq.(3.1) again, we have
a”'C"=a"'(1+CC") = (a”'C)C",
since (C,1) = 0, for C being a code. Thus,
u'C" = (a7 S())C" + (S(v), 1) (@ O)C,

which implies that = !C* = S(u)C*. This relation also shows that S(u) has
coefficients 0,1, since so have C* and u~!C*.

The polynomial P(v), with coefficients 0,1 is defined symmetrically, and one
has C*v~1 = C*P(v).

We now define F'(u,v) by induction on |v|. Let F(u,1) =0, and for v = aw,
let F(u,v) = F(u,aw) = (P(w),1)(S(u)a™!) + F(u,w)a=t. Then F(u,v) is a
polynomial. We now verify the formula in the lemma. For v = 1, it follows from

what we have seen above. For v = aw, we have by induction and the symmetric
of Eq.(3.1),

uC* v = (wC*w et = (S(u)C* P(w) + F(u,w))a™*

(P(w), 1)

w)a!
)

= 1. Thus

= S(u)C*(P(w)a™") + S(u)(C*a™)
+(S(w)a=")(C*, 1)(P(w), 1) + F(u,

Now as above, we have C*a~1 = C*(Ca~!), and (C*, 1
WO = S (Pl + (Ca ) (Pw), 1)

+(S(uw)a N (P(w),1) + F(u,w)a™ = S(u)C* P(aw) + F(u, aw),

by definition of F'(u, aw) and that of P(aw), symmetric of Eq.(3.2). To conclude
note that the relation in the lemma implies that F'(u, v) has coefficients 0,1, since
u~1C*v~! has coefficients 0,1 and S(u)C* P(v) has nonnegative coefficients.

| |

LEMMA 10.3.2. Let C be a finite maximal code of degree d. Then there exist
words Uy, ..., Ug, V1, ..., Vg With ui,v; € C*, such that for any 1 <i < d:

A* — z ui—lg*,l}j—l —_ Z u;lQ*U;17
1<j<d 1<i<d
and for any 1 < j < d:

Z uflc* 71 Z uflC* 71

1<i<d 1<i<d
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Proof

By 7777, there exists a finite monoid M, and a surjective monoid homo-
morphism ¢ : A* — M such that C* = ¢~1¢(C*); moreover, there exists an
idempotent e in J N ¢(C*), where J is the minimal ideal of M, G = eMe is a
finite group with neutral element e and H = G N ¢(C*) is a subgroup of index
d. In particular, e € ¢(C*) and ¢~1(e) C C*.

Let uy, ..., ug, v1,...,0q be words in ¢$~1(G) such that G = Uj<;<q4é(v;) H =
Ur<j<aH¢(uj). We may assume that ¢(u1) = ¢(v1) = e, and that ¢(u;) is the
inverse of ¢(v;) in G; from that, we deduce that u;, vy € ¢~ 1(e) C ¢~ 1p(C*) =
C*.

Fix j, 1 < j < d. Let w € A*. Observe that ¢(v;) € G, hence that
edp(wv;) = ep(w)p(v;) = edp(w)o(v))e is in eMe = G; thus e(wv;) is in some
¢(v;)H, for some uniquely determined 4, depending on w. We show that:

ep(wv;) € ¢p(vi)H < uywv,; € C*.

Indeed, eg(wv;) € (v H < d(us)ed(wv;) € dplu)p(v)H < pluzwuy) €
H < uwywv; € C* (since ¢(u;wv;) = ep(u;wvj)e € G).

Thus we obtain: for any w in A*, there is a unique 7 such that w € u;lC*vfl,
which implies the second equality in the lemma and the first by symmetry. L]

The following lemma is easily derived.

LEMMA 10.3.3. Let C be a finite maximal code of degree d. There exist poly-
nomials P, P, S, 51, L1, Ry with coefficients 0,1 and a polynomial () with coef-
ficients in N such that

(i) dA™ —Q = SC"P;

)
)

iv) Py, Sy have constant term 1;
) L1, Ry have constant term 0;
)

Note that (ii) and (iii) are each a weaker form of the factorization conjecture,
see Eq.(1.4).
Proof
By Lemma 3.1, u;lg*vjfl = S(u;)C* P(v;) + F(u;,v;), where S(u;), P(v;),
F(u;,vj) are polynomials with coefficients 0,1. Thus, Lemma 3.2 implies that
for any i,
A =) Su)C P(uj) + Y Flui,vy),

1<j<d 1<j<d
and for any j,

A* = Z S(u;)C*P(v;) + Z F(ui,vj).

1<i<d 1<i<d

Let P = Zlgjgdp(vj)7 S = Zlgigds(ui)7 P1 = P(Ul), Sl = S(ul), Ll =
219‘@1 F(ug,v1), Rh = Z1gjgd Flui,v5), @ = Zl§i7j§dF(ui7Uj)'
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Then we deduce (i), (ii) and (iii); the assertion on the coefficients follows
from (ii) and (iii): A* = L; +SC™ P, has 1 as only coefficient, so Ly, .S, P; must
have coefficients 0,1, since they have coefficients in N.

The fact that u; € C* (Lemma 3.2) and the equation u;'C* = S(u;)C*
(proof of Lemma 3.1) implies that S; = S(u;) has constant term 1, since so has
uy'C*. This implies (iv).

Now S has a positive integer as constant term, and A*, C*, P; have constant
term 1; hence (ii) implies that L; has constant term 0. This proves (v).

must have S; = S(uj) = 1. Conversely, if S; = 1, we have A* = Ry + C*P,
which shows, as at the end of the proof of Th.1.3, that C' is right complete (the
presence of polynomial R; does not change the general idea of the argument),
and hence that C' is a prefix code. L]

We now prove Th.1.1. In the calculations below, we shall invert several
elements of Z{{A)), whose invertibility is a consequence of Lemma 3.3.(iv) and
(v). By part (ii) of this lemma, we have A* — Ly = SC*P;. Thus SC*P; =
(1—-A)"1(1—(1— A)Ly). Hence

(1-A)SC* =(1—-(1-A)L)P .

By Lemma 3.3.(i), we have d — (1 — A)Q = (1 — A)SC*P; thus, with the
help of the previous equation, we obtain d — (1 — A)Q = (1 — (1 — A)L,)P; ' P.
This implies P = Py(1 — (1 — A)L;)"'(d — (1 — A)Q). We apply Th.2.7 to
the last equality and we obtain the existence of E, F,G, H in Z (A) such that
P=FEF,1-(1-AL, =GF,d-(1-A)Q =GH, P=EH. Thus Lemma
2.8 implies that G = +1 mod.(1 — A)Z (A). Replacing if necessary E, F, G, H
by their negatives, we may suppose that G = 1 (in the remainder of the proof,
= will mean modulo (1 — A)Z (A4)). Then Lemma 2.8 again implies that H = d.
Thus

P=E(d+(A-1I), I € Z(A).
By Lemma 3.3.(iii), we have (1—A)"'(1—(1—A)R,) = A* — R, = S;C*P.
Hence
(1-0)S;'=P(1—(1—A)R) (1 A),

which implies by the previous displayed equation

C—1=E(d+ (A1)~ (1-AR) A1)

This is very close to Eq.(1.1), but with a central inverted polynomial, which
we must eliminate. For this we use Th.2.7 again: there exists J, K, L, M in
Z (A) such that E(d+(A-1)[)=JK,1—-(1-A)Ry =LK, (A—1)S; = LM,
C —1=JM. Let 7 be a positive Bernoulli morphism, that is, a multiplicative
monoid homomorphism A* — R \ 0, such that }° _, 7(a) = 1. We extend it
linearly to an algebra homomorphism Q (A) — R.
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We may assume that 7(K) > 0. Then we deduce from Lemma 2.8 that
K=14+4(A-1)K"and L =1+ (A— 1)L for some K’',L' in Z (A). Thus
A-1D)S=0+A-1)L"YM = M+ (A—1)L'M, which implies that M =
(A—1)M’ for some M’ in Z (A). Thus

C—1=JA-1)M, (10.3.3)

and
Ed+A-1)I)=J1+(A-1)K"). (10.3.4)
Eq.(3.3) will imply Eq.(1.1), if we show that J is of the form Ji(d + (A —
1)J3). This is the most technical part of the proof. It follows from Eq.(3.4) and
the divisibility property of Th.2.3. The difficulty is that in this theorem, the
polynomials involved have coefficients in Q; therefore a lot of work is required
to draw the conclusion in Z.
So, Th.2.3 applied to Eq.(3.4) guarantees the existence of polynomials x1,...,
Zn, U,V in Q (A) such that

E=Up(x1,....zn),d+ (A— DI =p(xp_1,...,21)V,
J=Up(z1,..c,tpn-1),1+ (A - 1)K = p(zp,...,x1)V.

We write p;, ¢; for p(z1, ..., x;) and p(z;, ..., x1). We apply Th.2.1 to the two
equalities at the right, and obtain that ¢,_1 and ¢, are both congruent to a
scalar mod.(A — 1)Q (A). Thus Th.2.4 implies that p,—; and g,—1 (resp. pp
and g,) are congruent to the same scalar mod.(A — 1)Q (A). Furthermore, by
Lemma 2.9, ¢(pn—1) = c(¢n-1) and c(pn) = c(gn).

Observe that 1 — (A — 1)R; is primitive, since Ry has coefficients 0,1. Thus
the equation 1 — (1 — A)R; = LK implies that L, K are primitive, since they
are in Z(A). We have K = 1+ (A - 1)K’ = ¢,V, hence by Gauss’ lemma
c(g.)C(V) = ¢(K) = 1, and ¢,V = K = K. This equality together with
Lemma 2.8 implies that V = e+ (A—1)V', V' € Z(A),e+1. NowC—1=JM
and C'—1 is primitive, hence J is primitive. Since JK = E(d+(A—1)I), Gauss’
lemma again implies that d+ (A — 1) is primitive. Since d+ (A—1)] = ¢,—1V,
the same lemma implies that d + (4 — 1)I = §,_1V. Lemma 2.8 now implies
that g,—1 =ed+ (A—1)N, N € Z (A).

We have seen that p,_1 and ¢, _1 are congruent to the same scalar mod.(A—
1)Q (A) and that ¢(p,—1) = ¢(¢n—1). Hence p,—1 and g, are congruent to the
same scalar mod.(A —1)Q (A4), and we have p,—1 =ed+ (A—1)P, P € Q(4).
But p,—1 —ed = (A —1)P and (A — 1) is primitive, so that by Gauss’ lemma,
¢(P) = c(pp—1 —€d) € Z and P is in Z (A).

Now, J is primitive and J = Up,,_1, hence J = J = Up,,_1, which implies
J =U(ed + (A — 1)P). Thus Eq.(3.3) implies

C—1=U(ed+ (A—1)P)(A—1)M".

This implies that for some polynomials X,Y,Z in Z (A) (defined by X = +U,
Y =+P,Z=+M') and ¢; = £1, one has

C-1=X(adA-1)+A-1)Y(4-1))Z,
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with 7(X),n(Z) > 0.

Now define the linear mapping A : Q (4) — R by A(w) = |w|r(w) for each
word w in A*. Tt is easily shown that X is a w-derivation, that is, A\(P;P2) =
APy ) (P2) + w(P)A(Ps), for P1, Py in Q(A). Applying A to the previous
relation: we obtain A(C) = w(X)erdn(Z). Since A(C) > 0, this shows that
€1 = 1.

To conclude the proof of Th.1.1, observe that if C' is prefix, then S; = 1 by
Lemma 3.3.(vi); since (A —1)S; = LM and M = (A — 1)M’, we obtain that
A—1=LA-1)M' Thus M’ = £1 and Z = £M’' = £1. Since n(Z) > 0,we
deduce Z = 1.

On the other hand, if C is suffix, P1 = 1 by Lemma 3.3.(vi) again. Since
P, = EF, we obtain E = +1. Since E = Up,,, we obtain by Gauss’ lemma,
+1 = Upy,, hence X = +U = £1; since 7(X) >0, X = 1. "

REMARK 10.3.4. A closer look at the previous proof proves the following claim:
under the hypothesis of Th.1.1, one has

C—1=XA-1)+A-)Y(A-1)Z
and moreover
P=X1+A-1)X"),S=01+Z'(A-1))Z,
for some polynomials X, Y, Z, X', Z’ in Z (A), and in particular
m(X) =n(P1),7n(Z) = m(S51).

Recall that P;,S; are as defined in Lemma 3.3 and its proof, and therefore
satisfy:
u'C* = 5,C*,C*o;t = C* Py

for some words uy,v; in C*. Note that the average length ) - m(w)|w| of C
is equal to A(C) = 7(X)dn(2).

We prove the claim, by going through the proof of Th.1.1: we have P, = EF,
F =1 (by Lemma 2.8 since G =1 and GF = 1), E = Up,, (by Gauss’ lemma,
since E = Up,,, and E being primitive since P; is and P; = EF); furthermore
Gn = +1 (by Lemma 2.8, since ¢,V = K = 1), which implies, by an argument
similar to that for p,,_; and ¢,_1 in the proof of Th.1.1, that p,, = £1; thus we
obtain that p,F = £1, and P, = P, = Up, F, which is the product of £X with
a polynomial which is = £1. Since m(P;) > 0 and 7(X) > 0, we obtain finally
that P; is of the desired form X (1 + (A — 1)X").

On the other hand, Z = +M’'; M = (A-1)M'; (A-1)S; = (1+(A-1)L") M.
Thus (A—1)S; = (14+(A—1)L")(A—1)M’, which implies that S; = (1+L'(A—
1))M’, and ©(S1) = m(M’). Since 7(S1) > 0 and 7(Z) > 0, we have in fact
S1 =1+ L'(A-1))Z, which proves the claim.
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10.4. Applications

Let 7 be a Bernoulli morphism. Recall that the average length (with respect to
7) of a finite code C' is the number . 7(w)|w|. Moreover, the measure 7 is
said to be positive if m(w) > 0 for any word w.

COROLLARY 10.4.1. Let C be a finite maximal code and m be some positive
Bernoulli measure. The average length of C' is greater or equal to the degree of
C, with equality if and only if C' is biprefix.

Proof

By Remark 3.4, we have 7(X) = n(Py;) and 7(Z) = 7(S1). By Lemma 3.3,
w(S1) > 1 (resp. w(P1) > 1), with equality if and only if P, =1 (resp. S1 =1).
Thus, since the average length of C' is equal to A(C) = m(X)dn(Z), we obtain
that it is > d.

If equality holds, then we must have P, = S; = 1. Then C is biprefix by
Lemma 3.3 (vi). n

Let = be any word and C' a finite code. Consider the set E(x) of pairs of
words (u,v) such that uzv is in the submonoid C* generated by C'; this set has
a natural partial order defined by (u,v) < (v/,v’) if for some my,ms € C*, one
has ' = myu,v’ = vmg (so that v'mv’ = miumoms). A context of x with
respect to C' is an element in F(z) which is minimal for this order. In other
words, a context of x is a pair (p, s) such that: either pxs = ¢y...cn, ¢; € C,
n > 1, with p a proper left factor of ¢; and s a proper right factor of ¢,, or
prs = 1: for x = 1 (and also for x € C*) (1,1) is a context). Observe that
the set of contexts of a word is finite. Its measure is by definition > 7(p)7(s),
where the sum is over all contexts (p, s) of z.

COROLLARY 10.4.2. The measure of the set of contexts of a word with respect
to a finite maximal code is equal to the average length of this code.

We prove in fact a noncommutative version of this result.
Proof

Fix a finite maximal code C' and a word x. Define a mapping e from Z{(A))
into the complete tensor product Z({A)) @z Z{(A)), by e(w) = >, o U @ V.
It is easily seen that e(A*) = A* ® A*. Furthermore, the very definition of a
context implies that e(C*) =3 C*p® sC”, where the sum is extended to all
contexts (p, s) of & with respect to C. Thus e(C*) = (C* ®1)X (1 ® C™), where
X =) p® s, summed over all contexts of x.

Suppose that x is nonempty; then we have for any words s, m, p:

e(smp) = (s ® 1)e(m)(1 @ p) + e(s)(1 © mp) + (sm @ 1)e(p)

+ Z (su™' @ (v™'m)p + s(mu~H) @ v p) + Z (umwv, x)su™' @ v 1p,

w,v#1l,r=uv u,v#£1
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where we use u~! in the same way as the notation recalled at the beginning
of Section 3, and where (,) is the scalar product on Z (A) that has A* as an
othonormal basis.

The proof of this formula follows by inspection, once the 6 possibilities for
the word x to be a factor of the word smp have been observed: either x appears
as a factor of m, or of s or p, or x is an overlapping factor of the product sm or
mp, or finally x is factor of smp which starts properly in s and ends properly
in p.

Note that the previous formula is linear in each of s, m, p, so it extends to se-
ries S, M, P. Now we have by Cor.1.2, A* = SC* P, where P, S are polynomials.
Hence we obtain

=(S®1)e(C*)(1® P) +e(9)(1®C*P)+ (SC* ® 1)e(P)
+ Z (Su™t® (v ICP+ S(C*u ) @ vt P)
u,v#l,r=uv
+ Z (uC*v,2)Su ' @ v ' P.
u,v#1
Note that the last summand is a finite sum, R, and that e(C*) = (C* ®

1)X(1® C*). By the proof of Lemma 3.1, where S(v) and P(u) are defined, we
thus have

A"RA = (SC*@1)X(1®C*P) +¢(S)(1® C*P) + (SC* @ 1)e(P)
+ > (SuT'®SW)C'P+SC*Pu)@v'P) +R.

u,v#1l,x=uv
Let us multiply by P(1—A)® 1 on the left and by 1® (1 — A)S on the right.
Since P(1 — A)S is the inverse of C* ,we obtain

PeS=X+(P1-A)®1)e(S)+eP)1®(1—A)S)

+ > (PA=A)(Su) @ S(v) + P(u) @ (v P)(1 - A)S)

u,v#L,r=uv
H(P(L—A) @ DHR(1® (1 — A)S).

Note that when z is the empty word, then formula for e(smp) has to be
slightly modified: the ¥’s are replaced by —s ® mp — sm ® p, and from here on
the argument is similar and hence we omit it.

This shows that the sum of the contexts of the word z is equal to P ® S
modulo the two sided ideal of Z (A)RZ (A) generated by A—1®1 and 1®(A—1).

The homomorphism 7 @ 7 : Z (A) ® Z (A) — R vanishes on this ideal. Thus
the measure of the set of contexts is equal to w(P)7w(S). Now, using C — 1 =
P(A—1)S, we find that the average length of C' is equal to A\(C) = w(P)7(S).

For later use in symbolic dynamics 7777, we quote the following consequence
of Th.1.1.
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COROLLARY 10.4.3. Let C be a finite maximal prefix code of degree > 1.
Then one has a factorization C — 1 = L(A — 1)R, with L,R € Z(A) and R
nonconstant.

Proof

By Th.1.1, we have a factorization C — 1 = P(A — 1)(d + Q(A — 1)). If
Q@ =0, d divides —1, a contradiction. Hence @ is nonzero and d + Q(A — 1) is
nonconstant. u

A code of degree 1 is called synchronizing. If C is a finite set of words in
A*, denote by C the sum in Z[A] of the commutative images of the words in C'.

COROLLARY 10.4.4. Let C be a finite maximal code on the alphabet A. Then
C—1 is a multiple of A—1. If the quotient of these two polynomials is irreducible
in Z[A], then C has at least two of the following properties: prefix, suffix,
synchronizing.

REMARK 10.4.5. Note that the first assertion is already a consequence of
7777, It implies the following nice result on the cardinality of the code: |C| =
1mod.(JA] — 1). In fact, with the notation of Cor.1.2, one has |C] = 1+
psmod.(]A| — 1), where p, s denote the image of P, .S under the homomorphism
sending each letter onto 1 (and thus C onto |C]). Note that in the particular
case where C is a finite prefix code, this equality on the cardinality has the
following interpretation: ps is the number of internal nodes of the |Al-ary tree
representing C', and the previous equality comes from the corresponding equal-
ity relating the number of external and internal nodes of a rooted tree, see 7777.
The previous equality also has some analogy with the Schreier formula asserting
that if H is a subgroup of the free G group generated by A, then H is free of
rank h, with h =1+ |G/H|(JA] - 1).

Proof of the Corollary.

Let p the canonical homomorphism Z (A) — Z[A]. Then by Remark 3.4,
we have C — 1 = p(X)p(Z)(d + p(Y)(A — 1))(A — 1), which proves the first
assertion. If the quotient is irreducible, then we must have two of the three
following equalities: p(X) = +1, p(Z) = +1, d+ p(Y)(A — 1) = 1.

The equality p(X) = +1 implies, by Remark 3.4, that 7(S;) = 1, hence
S; =1, and then that C is prefix (Lemma 3.3.(vi)). We deal with the second
equality similarly.

If the third equality holds, then we must have p(Y) = 0, and d = £1, which
implies d = 1, hence C is synchronizing. "

10.5. Notes

The results in Section 1 and the proof in Section 3 are from [12]. Th.1.1 extends
a commutative factorization result by Schiitzenberger [14]. Th.2.1 and Cor.2.2
are a particular case of Paul Cohn’s weak algorithm, see [4]; for their proofs, we
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have followed a lexicographic argument from [9]. Th.2.3 and Th.2.7 are from
[4]. Th.2.4, Lemma 2.8 and 2.9 are from [12]. Cor.4.1 is due to Schiitzenberger
[13]. Cor.4.2 is due to Hansel and Perrin [8]. Cor.4.4 is from [14].

Note that the relations (ii) and (iii) in Lemma 3.3 are each a weak form of
the factorization conjecture, since L1 is a finite sum of words (for the conjecture,
one would need to have L; = 0); this form was also found by [17]. For partial
results on the factorization conjecture, see [11], [2], [7], [5], [6]. For results
involving constructions of factorizing codes and multiple factorizations, see [10],
116], [3].

It is conjectured that each finite maximal code is commutatively equiva-
lent to a prefix code, meaning that there exists a prefix code having the same
commutative image as the initial code. This would be a consequence of the
factorization conjecture; indeed, it was shown by Schiitzenberger that if the
quotient mentioned in Cor.4.4 has nonnegative coefficients, then the code is
commutatively equivalent to a prefix code; see [1] Th.VIIL.6.1 ??77. Note that
not every finite code is commutatively equivalent to a prefix code (according to
an example from [15]).
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